Introduction
In 1974 Robin Hartshorne published the survey article [8] . This article has been very in uential. In it he makes, among others, the following conjecture: Suppose that X is a smooth, irreducible subvariety of P N , of dimension n ¿ 2N=3. Is it then true that X is always a (scheme theoretic) complete intersection?
For the time being one may, to ÿx ideas, assume the ground ÿeld to be C. But in fact all results in this paper remain valid over any algebraically closed ÿeld, with the obvious modiÿcations if the ÿeld is not algebraically closed. The ÿrst case to which the conjecture applies is 5-folds in P 7 , but as no counterexample is known even for 4-folds in P 6 , this case is usually also included in the conjecture. For P 5 a smooth, codimension 2 subvariety, not a complete intersection, is provided by P 1 × P 2 as embedded into P 5 by the Segre-embedding. As this subvariety is of degree 3 and not contained in a hyperplane, it is not a complete intersection. For P 3 and P 4 there is an abundance of such subvarieties. In the codimension 3 case, a smooth subvariety just outside the area to which the conjecture applies, is the Grassmanian G(1; 4) of lines in P 4 , as embedded into P 9 by the Pl ucker embedding. This subvariety is also not contained in a hyperplane, and as it is of degree 5, it is thus not a complete intersection.
Of course, in the codimension 1 case the assertion is valid in complete generality and essentially amounts to the Hauptidealsatz, the Principal Ideal Theorem. Hartshorne's Complete Intersection Conjecture can therefore be understood as a vast, conjectural, geometric generalization of this important algebraic theorem.
The conjecture is still completely open today, 25 years after Hartshorne committed it to the printed page. Some initial progress was made when Zak, in [21] , proved the weaker conjecture of Linear Normality, also posed by Hartshorne [8] . Also, Schneider and the author obtained some numerical results in [13] . In the codimension 2 case, one of our results was that the conjecture is true for all smooth subvarieties of P N of degree 6 (N − 1)(N + 5). More general results of this nature have attracted considerable attention, and amount to specifying a function B(N; e) such that if X ⊂ P N is a smooth subvariety of codimension e and degree d, then X is a complete intersection if d 6 B(N; e). The main result in the paper by Bertram et al. [2] , is a theorem which implies this for B(N; e) = N=2e. As we see, the ad hoc result for the codimension 2 case cited above is considerably stronger than the bound provided by B(N; 2), namely N=4. It would be interesting to know a similar ad hoc bound in the codimension 3 case.
Among other partial results related to the conjecture we should mention an interesting paper by Landsberg [17] . In it he proves, among other things, a theorem which implies the following: Any smooth, projective subvariety X ⊂ P N of codimension ¡ (N +3)=4, whose homogeneous ideal is generated by quadrics, is a complete intersection. For N = 5, X = P 1 × P 2 ⊂ P 5 is a counterexample. In codimension 2 the conjecture is particularly interesting, not only because this is the ÿrst case, but also because then there is a striking interpretation in terms of rank 2 bundles on P N : For N ¿ 6 it is equivalent to the assertion that all such bundles are split, see for instance [19] for details. This Splitting Conjecture also applies to P 5 . The counterexample to the codimension 2-conjecture for P 5 given above is not related to rank 2 bundles. For P 4 the Horrocks-Mumford bundle, constructed in [14] , is essentially the only known rank 2 bundle which is not split. An open question on P 4 is due to Grauert and Schneider: In [6] , it is stated as a theorem that any bundle on P 4 which is not stable, splits. However, there remains a gap in the proof, despite all e orts to ÿx it.
In any case a particular rank 2 bundle E in P N will give rise to many (related) smooth irreducible subvarieties of P N of codimension 2: A su ciently high twist E(m) of E will have enough sections so that there are sections ∈ H 0 (E(m)) with a scheme of zeroes X = ( ) 0 of the desired type. Then the embedded variety X contains all information about E, in particular E can be reconstructed from X . The class of smooth subvarieties X obtainable in this manner are the so called subcanonical ones, those for which ! X = O X (r) for some integer r.
Thus whereas there is no doubt that the study of vector bundles on P N can shed new light on the subvarieties of projective space, one also sees how the geometry of low codimensional subvarieties gives new insights into the theory of vector bundles. This interplay between the two points of view becomes especially signiÿcant when computational or combinatorial methods are employed.
One way of obtaining information about a subvariety of P N is to study its dual variety. We say that a hyperplane H is tangent to the subvariety X ⊂ P N at a smooth point x ∈ X if the embedded tangent space at x is contained in H . The set of hyperplanes being identiÿed with the dual projective space P N ∨ , we thus get a subset of this projective space. Its closure turns out to be a subvariety, which is denoted by X ∨ , the dual variety of X in P N . For a "general" subvariety X ⊂ P N the dual is a hypersurface, in particular this is so for any smooth complete intersection. In some important exceptional cases, however, the dual is of dimension ¡ N − 1. The number
is denoted by defect(X ) and referred to as the duality defect of X. An initial step in analyzing X in terms of X ∨ , with a view towards Hartshorne's Complete Intersection Conjecture, is therefore to ascertain whether the duality defect is zero or not. We therefore pose the following, which may have been ÿrst stated by Allan Landman in a talk at Arcata in 1974:
Duality Defect Conjecture. In the range of the Complete Intersection Conjecture, the duality defect of a smooth subvariety is always zero.
In this context it is interesting to note that the two examples just outside the boundary for the conjecture, both do have a positive duality defect. This is explained in Section 3.
At least in characteristic zero, the dual variety X ∨ encodes all information about X itself. In fact, in this case biduality holds, in that X ∨∨ = X . Thus if defect(X ) = 0, then we are led to the study of a single reduced and irreducible hypersurface, or equivalently a homogeneous polynomial in the homogeneous coordinate ring k[x 0 ; x 1 ; : : : ; x N ] of P N . The Duality Defect Conjecture has been proven in the codimension 2 case, independently in [13, 3] . In higher codimensions it remains open, however.
Recently, the author has developed a combinatorial approach to this conjecture relying on computations with Schur polynomials in the Chern numbers of the twisted normal bundle of X , utilizing in a novel way certain positivity conditions which are satisÿed. The approach is promising, for two reasons:
Firstly, by implementing the approach in a computation using MAPLE, Oaland in [18] proved the conjecture in codimension 3 for P N with 10 6 N 6 140; stopping at N = 140 only as a matter of practicality: The point had been made.
Secondly, the approach provides a clean and simple combinatorial direct proof for the conjecture in the codimension 2 case.
The rendering of the latter is the purpose of the present paper. This proof works for N = 6 and for N ¿ 8. For N = 7 there are some possibilities which are not excluded by this approach.
One of the main points in this exposition is to avoid the usage of powerful machinery like Zak's Linear Normality Theorem, The Fulton-Hansen Connectedness Theorem or even Zak's result that dim(X ∨ ) ¿ dim(X ) whenever X is smooth. In Section 1 we develop the necessary tools on positivity and duality. Then in Section 2 we show how the duality defect may be computed using the Chern-numbers of the twisted normal bundle. These two sections are of course not intended as a comprehensive survey of positivity and duality: The aim is to survey the tools we need in the present note. However, the reader interested in a more in depth treatment of this ÿeld, important and fascinating in its own right, may consult Kleiman's excellent paper [16] , the important contribution by Fulton and Lazarsfeld [5] and certainly Zak's pathbreaking work in [21] . Some of the computations leading to the determination of the duality defect in terms of Chern classes were inspired by [20] as well as earlier work by Katz [15] . A more recent uniÿed treatment of some central themes from duality of projective varieties may be found in [1] . Last but not least, Fulton's fundamental text [4] should be highly recommended.
In Section 3 we compute the duality defect of the two examples above, and ÿnally, in Section 4 we give the combinatorial proof of the Duality Defect Conjecture in Codimension 2 referred to above.
Inequalities and positivity from duality
denotes the dual projective space, whose k-points are identiÿed with the hyperplanes in P N :
Let ' : X ,→ P N be a reduced, projective subscheme of P N . By deÿnition the dual variety is the (reduced) closure of the set of hyperplanes which are tangent to X at some smooth point:
The condition in the above deÿnition can be expressed as
By deÿnition X ∨ is the scheme theoretic image of Z(X ) under the second projection pr 2 .
From now assume that X is smooth. We then have the following key diagram, where i is the embedding of X into P N and P 1 (X ) denotes the sheaf of principal parts of O X (1), which is locally free since X is smooth:
The left injective map in the lower exact sequence induces a surjective
which gives the closed embedding
In this paper P(E) will denote the concept introduced in [7] , the S-scheme Proj(Sym OS (E)), while with the convention introduced in [4] P(E) denotes P(E ∨ ). The twist by −1 ensures that the tautological line bundle (i.e., the invertible sheaf) O P(N X=P N (−1)) (1) is the restriction of the invertible sheaf pr *
where A(S) denotes the Chow ring of the smooth, projective variety S, s = pr *
We have the following expression, where the j (X ) are integers for all j:
It follows easily that
is actually equal to zero. We have the following formulas for the numerical invariants occuring in formula (1.2) (cf. Example 14:3:3 in [4] ):
As usual c i (X ) denotes the ith Chern class of the tangent bundle T X = 1∨ X of X . To prove (1.3), we use a general fact which is referred to as Scott's Formula: Let
be an exact sequence of locally free sheaves of the ÿnite ranks e, f and g, respectively, on the (smooth projective) scheme S. Then there is a canonical closed embedding
so that we get a class
where F ∈ A(P(F)) denotes c 1 (O P (F) (1) ). Letting p : P(F) → S denote the canonical projection, we then have Scott's Formula
A proof of this can be found in [4, p. 61] or in Section 2 of the Appendix to [9] . We apply Scott's formula to the exact sequence on X
In general, the total Segre class of a locally free sheaf E is given by
where as before c(E) denotes the total Chern class of E. Thus if we have an exact sequence as above with F free, then
By Scott's formula
as we identify t with pr * 2 (t) = F . The expression equals
as c n+1 (P 1 (X )) = 0: Hence we have the following formula, which will be needed later:
We proceed with the proof of (1.3): The Chern classes of P 1 (X ) are computed by means of the exact sequence
using the formula for the Chern classes of a tensor product of a rank e-bundle E and a line bundle L:
Thus, we have
We get
This gives
Thus,
and therefore
by letting ' = n − j. As (
3) is proven. By means of the numbers i (X ) we can compute the dimension of the dual variety. More details can be found in [10] Proof. For the case of the Segre classes, a simple proof can be found in [11] , this being part of Theorem 5:1. As for the case of Chern classes, we use the diagram (1.1), and note that the Chern classes of N X=P N (−1) are the Segre classes of the Bundle of Principal Parts, P 1 (X ). The latter being globally generated, the claim follows.
The duality defect
We assume from now on that X ,→ P N is a non-degenerate n-dimensional (smooth) subvariety of P N , i.e. that X is not contained in a hyperplane of P N . For a study of the dual variety we may always reduce to this case, since a subvariety which is contained in a hyperplane H has a dual variety which is a cone with H ∈ P N ∨ in its vertex. In this case a general hyperplane section of the dual variety is the dual of the variety itself, considered as a subvariety of H = P N −1 . See [11] . If X is a (scheme theoretic) complete intersection of m = N − n hypersurfaces of degrees
which is ample since d i ¿ 2 for all i. By deÿnition this means that O P(N X=P N (−1)) (1) is ample on P(N X=P N (−1)). As N X=P N (−1) is globally generated, and the surjection in the canonical exact sequence
yields the canonical embedding
this implies that the morphism induced by the projection
is a ÿnite morphism. In fact, in general this is equivalent to the ampleness of N X=P N (−1). Thus in particular the duality defect of X is equal to 0. We have shown the Proposition 2.1. Assume that X is smooth. If N X=P N (−1) is ample; then X has duality defect equal to 0. In particular; a complete intersection has duality defect equal to 0.
This result is shown as Remark 7:5 in [5] . Thus if we believe Hartshorne's Complete Intersection Conjecture, we expect that if X is a smooth subvariety of P N , of dimension n ¿ 2N=3, then defect(X ) = 0. As stated in the introduction, we shall refer to this question as the Duality Defect Conjecture.
Examples
The following examples are well known, and have been used by various authors on several occasions. Here we treat them by computing their projective invariants.
We consider ÿrst the general Segre-embedding
inducing a mapping of Chow-rings * :
where, as is easily checked, * (s
Applying this to Now we have in general
so in particular
This yields
Hence, we ÿnd
Thus, the duality defect is positive in this case, indeed it is 1 as the reader may verify. We next turn to the second example, namely the Grassmanian of lines in P 4 embedded into P 9 by the Pl ucker embedding. In general the Grassmanian G(1; N ) has Chow ring generated as a ring by the Chern classes c 1 (Q) and c 2 (Q) of the universal 2-quotient Q on G (1; N ) . This variety is of dimension 2(N −1), and if i+2j 6 2(N −1), then the degree of the monomial c 1 (Q) i c 2 (Q) j under the Pl ucker embedding into P (
A proof may be found in [9, p. 74] . To proceed, we need the well known exact sequence on G = G (1; N ) ;
This is proven in [9] , as is the formula
Using these facts, one easily computes the degrees of the Chern classes of G (1; 4) , substitutes into the formulas for 0 and 1 , and veriÿes that in this case the duality defect is 2. In fact, one may show that defect(G (1; N ) 
The reader may consult Kleiman's article [16] where this is worked out.
Duality defect in codimension 2
The Duality Defect Conjecture has been proven in codimension 2. The theorem below was shown independently by Ein [3] , and by Schneider and the author [13] .
Here we shall give a new proof, which reveals the simplicity of this question when viewed in the appropriate context. However, this elementary proof does not capture the case N = 7 where c where h = i * ([H ]); H being a hyperplane in P N . Indeed, this is true whenever X is subcanonical and of codimension 2, in particular if X is a smooth codimension 2 subvariety of P N where N ¿ 6. In this case there exists a rank 2 locally free sheaf E on P N , and a section
such that X = ( ) 0 , the scheme of zeros of . See for instance [19] . Letting i: X ,→ P N be the embedding, one then ÿnds that
As 
On the other hand, we have for ' ¿ 1,
thus, 1 Actually, the case c 2 = 0 never occurs, this is more di cult to prove and not needed in this approach.
Next, assume that and ÿ are not real. Then Thus, in particular,
' 1 (t) = 1;
In general, we have Now suppose that s n = 0. Then ' n (t 0 ) = 0 for the rational number
Moreover, if we write t 0 = r=s, where r and s are mutually prime integers, then as ' n (t) has constant term 1, we ÿnd r = 1. Thus the only possibilities are
this possibility is excluded from P 6 on, whereas it might occur for a subcanonical codimension 2 subvariety of P 5 , as ' 3 ( We have now completed the proof of the theorem, except for the case stated at the beginning of the proof.
Remark. So our argument above leaves open the possible existence of certain subvarieties of P 7 of codimension 2 with duality defect 1, with c 2 1 = 3c 2 . Of course we know by other methods, as referred to in the introduction, that this possibility also is excluded. But it would be good to have a way of treating this case as well with the methods employed in the present paper.
We do have the following, which is still too weak to treat the missing case: Theorem 4.2. A rank 2 vector bundle E on P N ; N ¿ 8; which has a section with a smooth codimension 2 subvariety as zero subscheme; satisÿes
where c 1 ; c 2 are the Chern numbers of E(−1). The same conclusion holds for N ¿ 5 if we assume E(−1) to be generated by global sections.
Proof.
Immediate by the factorization of s 5 and Theorem 1.2, applied to the Chern classes of E(−1) and E(−2), respectively.
Attempts have been made to strengthen this by replacing the "3" by a "4", at least for su ciently large values of N . An obvious motivation is the desire to prove the non-existence of stable rank two bundles on P N for N su ciently large. Indeed, this is predicted by the Codimension 2 Complete Intersection Conjecture for N ¿ 6, actually expected for N ¿ 5.
In fact, for all values of ' ¿ 5 we do get factors of s ' of the form c We conclude by laying these hopes deÿnitively to rest: Proof. Substituting xc 2 = c 2 1 into s ' when ' is even, and into c 1 s ' when ' is odd, the result is some power of c 2 times a polynomial p ' (x). Whenever ' is odd, x divides p ' (x). Now put
if ' is even; and by the previous case and the induction assumption this equals 2 − 1 = 1. [12] 
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